Theoretical phase shifts of pion-nucleon scattering are derived assuming the pseudo-scalar meson theory with pseudo-scalar coupling. In order to make static approximation for such a relativistic coupling, the well·known °Tani.Poldy transformation is applied. Since there appears an isotopic-spin. dependent term which is negative and rather strong for the T= 1/2 state, theoretical interpretation of recent experiments on the s.wave scattering seems to be hopeful. As to the P·wave scattering, the Tamm· Daneoff' approximation and renormalization technique are used. The anomalous magnetic moment of the nucleon is also calculated.. The cut·off method is used throughout this work and the results are very sensitive to the cut·off momentum, but the essential features of the theory would be retained qualitatively and, at lower energies, somewhat quantitatively. D-phase shifts are calculated by the Born approximation, though it is possible that the radiative effects, which always tend to make the nucleon spread out, are very important in this case. § I. Introduction
to separate as and a 1 so large as obtained from experiments, whether we apply the Dyson transformation or the Tamm-Dancoff approximation. 3 ) It is to be noted here that in the pseudoscalar coupling theory one must take into account higher order radiative effects much more seriously and, moreover, the usual perturbation theory might not work at all especially as to the S-wave interaction; pair formation, pionpion interaction, etc. should be treated in a way quite different from the Born approximation. In this case, therefore, the renormalization problem becomes very much complicated. If one takes up the Bethe-Salpeter formalism, the mass and charge renormalization could be performed in a consistent way at least in principle,4) but still one could not expect a good answer because many important radiative effects are omitted in this formalism. Thus it seems extremely desirable to explore the interaction between the nucleon and meson field from a more general point of view. *) In view of these circumstances one of the authors (K. S.)and Akiba 5 ) has studied how the interaction terms obtained by the Dyson transformation would be modified if one uses the other more appropriate transformation function.
They found out that the Tani-Foldy transformation is in fact the best one among the similar kind of transformations from the variation principle and that the interaction terms are all somewhat changed compared with the Dyson transformation. In addition their result seems to show that the usual TammDancoff approximation using this Hamiltonian might be rather trustful; the series obtained by taking up higher configurations would be convergent or at least asymptotically.
To speak more precisely, if we perform the mass renormalization and assume that the bare nucleon mass is very small compared with the observed value, then the core and pseudovector terms remain almost the same as before, whereas the LS coupling term becomes twice as large and the other higher order terms are considerably cut down.
This result seems to· be advantageous for the theoretical interpretation of the recent experimental data.
In section II we make use of the Tamm-Dancoff approximation neglecting higher configurations which contain more than two mesons and show in fact that the two Sphase shifts are enough separated to be in rough agreement with experiments. However, since the cut-off method has been adopted throughout this work and the result is very sensitive to the cut-off parameter. the emphasis has to be on qualitative, rather than quantitative, aspects. Moreover, the peculiar character of a 3, i.e., the fact that it stays close to zero up to about 50Mev, was not accounted for, because we did not take into account a force of longer range which may be derived from,say, the pion-pion interaction. B) In section III the P-wave scattering is discussed using the Tamm-Dancoff approximation.
For the state, T=1/2 and J=1/2, the renormalization procedure ot mass and charge is necessary, but we have here omitted the charge renormalization, because this effect *) We are indebted to Professor Brueckner for valuable discussions on this point during his stay in Japan (Sept. 1953). **) In the meson theory, the charge renormalization and the dissociation probability are intimately con· nected, namely (1-Z2) expresses this probability, and it is not certain how much of the radiative interaction is to be renormalized. seems to be small and in addition there is some ambiguities as to this treatment.**l The same 'approxiniaton is applied to obtain the anomalous magnetic moment of the nucleon; the result, howev~r, is not so well in agreement with the ob~erved v~lue with our rather high citt-off momentum and small coupling con~tant.
In"' section IV the validity of the usual Tamm~Dancoff afiproximation for the P-wave scattering is discussed by exa,mining how much the three m:eson configuration would contribute to this scattering. The resulting coupled integral equations are too much complicated to be evaluated exactly, but the rough estimate shows that its correction amounts to 20 .fl<,
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O'~--;;",---::oo:""""~~--:::,:::,,----:,::-----0.6 0.8 In this figure the behavior of a l is very characteristic compared with a 3 • At low energies, the S-phase shift is usually proportional to the momentum of the incident particle. The peculiar behavior of a l comes from the circumstances that a large cancellation occurs incidentally in the denominator of the expression (5) near the region of zero value of the numerator. Thus we are obliged to consider the adequacy of the omission of other terms in equation (1) because of this peculiar behavior of ale However, the contribution from higher configurations. seems to be not so large because these terms are strongly damped compared with those obtained by the Born approximation. If it is true, then we shall not perhaps be able to avoid this peculiar behavior even if we consider the higher order configurations. § 3. P·wave scattering and the anomalous magnetic moment of the nucleon According to the recent experimental research, the resonance phenomenon seems to occur in the T=3/2 andJ=3/2 state at the energy of about 200 Mev, and, as shown by many authors, this point is well explained by solving the Schroedinger equation with an appropriate interaction kernel for the scattering. 9 ) But the self-energy should be renormalized in the T=1!2 andJ=1/2 state even in the non-relativistic Tamm-Dancoff ap-*) The renormalization of the extended source theory has recendy been done in a systematic way independendy by G. F. Chew (private communication).
proximation. * We have subtracted thisself-energy'by taking into account the fact that in the Tamm-Dancoff approximation, the reaction of the meson field in every configuration is different, since the maximum number of mesons which are present at the same time is restricted to some values; for example, if one considered only up to two meson configurations, the self-energy of the zero meson configuration is affected by the reaction up to two mesons, but that of the one-meson configuration only from the two meson state. Hence, we should add different counter terms to the Hamiltonian and determine these counter term to the Hamiltonian and determine these counter term in the following way.
The usual Tamm-Dancoff equations are in this case written down as follows; (8) where Nt IS given by
In the non-relativistic approximation. And W is the wave 'matrix defined by M¢ller.lO) Substitution of (8) into (7) gives
Now .dI(l) is determined by the condition that at the energy E=czo the equation obtained by putting the right hand side equal to zero should have a solution of the form iJ(l-lo).
representing an incident plane wave. This means that equation (10) holds in the limit of infinitely large' normalization volume of the meson wave, because in this case the last term of (10) gives no contribution since it is proportional to l/V, with V normalization volume. Then, we have (11) and ( 1 0) becomes
Then to determine .do. we assume that there is no incident meson, and the solution of (12) 
=G(I.E) (01 TVIE)
where K( E) satisfies the integral equation;
Substituting from (13) into (6) . we get
The counter term in (15) is determined by the condition that the energy shift should be cancelled, namely E=o should be the solution of this equation. Then
Thus, obtaining the solution of stationary value problem, we can treat in the usual way the scattering problem (there is no energy shift any more). The solution of the equation (12), when there is an incident meson of momentum 1 0 , is given by
In the integral equation (14) the factor (18) in-the denominator expresses the charge renormalization term, but it was put equal to one in the following calculations since we have no definite way of. treating it in the meson theory. The equation (14) The results are given in Fig. 2 . The last term of tan au represents the effect of mass subtraction.
It is now very easy to calculate the anomalous mangetic moment of the nucleon by using the above obtained wave matrices. 
but, in our approximation, where the P-wave is dominant and the nucleon recoil is neglected. this term contributes nothing to the result. Magnetic moments of the nucleons are given in Fig. 3 . Dissociation probabilities of the nucleon are given in Fig. 4 . for the sake of convenience. The probability of one-meson state is very large, in contrast with Sachs' phenomenological theory where this state is neglectedY)
This will be the main reason why we could not get so large values for anomalous magnetic moments as obtained by experiments; this situation is partly due to the rather high cut-off momentum and small coupling constant. § 4. An estimate of the effects of higher-order configurations.
In most calculations using the Tamm·Dancoff method, the higher order configurations have been neglected by assuming that the coupling is rather so weak as to make these effects negligibly small, but this assumption is not plausible from the beginning. Thus Chew 12 ) has tried to estimate the effect of three meson configuration oniy by taking up its contribution to the fourth order scattering potential and has proved that it amounts to less than about 20 percent compared with the two meson configuration.
We have also made a similar .investigation from another point of view using the non-relativistic pseudovector coupling.
As well known, when one expands the state function fJf in the eigen-functions fJf ,,'s for free mesons, namely, fJf = ~ c" fJf .. , then one obtains the simultaneous integral equations ,.
for the amplitude c,/s. For the sake of simplicity, we neglect the four and more meson configurations, i.e., put Cn = 0 for n > 4, and also approximate the integral equation for c 2 • C3 by the first Born approximation. This approximation seems to be too rough at first sight, but it is sufficient for an order of magnitude estimate 'of the higher configurations. Then, we obtain the following integral equation for the one meson amplitude C u or more preciselyCl , which means that there exists one meson with momentum l and energy cz; 
dl" If we consider the above pseudo-vector coupling as *) To speak more correctly, LJjll' is the projection operator. **) E is taken to be zero in the following evah,lation, so the estimate made here may not be trustful at somewhat higher energies.
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obtained from the Tani-Foldy transformation for the pseudo-scalar coupling, then the coupling constant G 2 j47r corresponds to about 0.1 for the /~=20 in Section II. In this case we can conclude from Fig. 5 . that the order of the effect of thre~meson configuration, which is of course only the effect of P-wave meson will be at most about 15 percent. Although this conclusion has been obtained for the state J = 3/2 and T = 3/2 by the Born approximation, it is expected even for the other states that this effect is generally less than 25 percent. (In the case of pseudo-scalar coupling, the effects of higher configurations are of course, due to P-wave meson and S-wave meson, but we have not 'estimated S-wave meson effects here).
As for the S-wave interaction, there is a term, for instance, in If' in Section II which contributes to the S-wave~cattering through the three and five-meson configurations, but the factor D obtained by the contraction becomes about 1/2 which is to be 1 in the Born approximation. The higher order terms seem in general to be cut down more and more by the inclusion of radiative effects. It is expected therefore that the Tamm-Dancoff approximation is also useful for the S-wave scattering. However, calculation shows that the inclusion of higher meson configurations leads to the catastrophic result, unless we choose the cut-off momentum considerably less than the nucleon mass, which seems to be very unnatural. This situation might be improved by the method of normal vibration as was discussed by Wentzel, but, in any case, a more consistent approximation should be applied before any reliable discussions could be done. § 5. D-phase shifts Fermi et at. IS) have tried to explain their recent experim:ental results on the pion-nucleon scattering up to 210 Mev in terms of S-and P-phase shifts on the charge independent hypothesis. The phase shifts thus obtained exhibit rather strange features in some respects from the theoretical point of view, i.e., the peculiar behavior of S-phase shifts, strong asymmetry between a 31 and ala and the non-resonance character of a sa. Their experiments, however, have heen made only at three angles ( 4 50. 90 0 and 13 50 in the laboratory system) using the minus pion beam and so they have obtained six values at each energy just ,sufficient to determine the above six phase shifts. One cannot, therefore, rule out ,the D-wave phase shifts entirely from their results; it might be explained equally well by including the D-wave and the S-and P-phase shifts may turn out to have more reasonable values. Thus it seems to be important to study theoretically to what extent the D-wave would contribute to the scattering.
If we .assume the force range of the nucleon and. meson is of the order of the meson
Compton wave length, it is easily seen by a general consideration that up to 100 Mev only the S-!lnd P-waves are important, but at energies more than 100 Mev, the D-wave comes into play, its order of, magnitude dependent on the special nature of force. In the usual perturbation theoretic treatment neglecting higher order effects, this force range turns out to be of the order of the nucleon Compton wave length and the D-wave contribution is expected to be very small even at somewhat higher energies. However, the higher order radiative effects tend to make the nucleon spread out considerably and, consequently, the interaction of the meson and the clothed, nucleon would in practice have a long range of as much as the meson Compton wave length, though its strength might become much smaller. Thus a more rigorous treatment of the meson cloud should be investigated before any reliable discussions could be made as to the D-wave interaction. But in this section we shall calculate the D-phase shifts only by the first Born approximation as a starting point for further investigation.
Denoting D-phase shifts as fi2T2J' the first indices T representing the total isotopic spin, the second J the total angular momentum, they are given by : tan fi2T. 2J= -( : : ; w K( T,J, k), (25) 10 the center of mass system, wher K is the eigen value of the reactance matrix and k, 13 , E and W denote the incident meson momentum, its total energy, the nucleon energy and the total energy, respectively. In the first Born approximation K's are given as 
where only the first power of (c / m) is retained. In this approximation the equivalence theorem holds exactly, i.e., in the pseudo-vector coupling case j2 should only be replaced by ( 2m G r. Results are shown in Fig. 6 .
P
The S-phase shifts derived from the equivalent pseudo-vector conpling are also given in Fig. 7 . Unexpected steep rise of S-phase shifts above 100 Mev is caused by the recoil effect. For instance, aa is given by;
neglecting higher powers of m in the denominator. The first term is derived from the fourth component of pseudo-vector coupling (PI 7Z' ) and the .secondterm,which.is;dominant above 1 OOMev, from the positive-pos~tive interference of P I 7Z' and op· ~ (recoil effect) *.
The last term is due to the fact that part of the angle-independent matrix element should be attributed to the D-wave scattering. One would therefore have to take into account the PI 7Z'-term at somewhat higher energies, even after the Tani-Foldy transformation is applied. § 5. Concluding rema~ks Qualitative discussions concerning the pion-nucleon scattering are presented in this paper using ~he pseudo-scalar meson theory with pseudo-scalar coupling. Isotopic spin dependence of S-phase shifts and the resonance-like phenomena of a 33 are rather reasonably understood. In this connection, however, following' remarks would be worth mentioning.
The first point refers to some ambiguities of determining phase shifts from the differential cross sections.
Besides the existence of various possible phase shifts which can equally well explain the experimental data, there are some essential ambiguities of this determination.
For example, by performing the canonical transformation U = exp {i (tIkk) {} } ({) is an adjustable parameter which may depend or k) against the meson nucleon wave function ¢(k. CT.'), it is easily seen that the angular distribution is invariant against the following transformations;
(for all J)
where J is the total angular momentum, upper indices are orbital angular momentum and e~' s are related to the phase shift as Although there exist in general no real phase shifts solutions of these equations except the special case of (j = ±;: / 2 which has first been pointed out by Minami H ), there may be some sets of possible phase shifts which can equally well fit to the experimental data. * Second, if one perf ormes the Tani·Foldy transformation against the rs.coupling" the resulting Hamiltonian becomes less and less renormalizable as one takes up higher meson con· figurations, though the initial coupling is renormalizable and is less dependent on the cut·off parameter. We think that if one takes into acc~unt various contributions in a consistent way from the transformed Hamiltonian, then the strongly cut-off dependent terms would be cancelled out, or, in other words, the cut-off momentum could be taken 'rather small when the result is very sensitive to it. However, the substantial justification of the cut-off method would have to be done from different points of view. This problem will be discussed at another opportunity by one of us (N.F.) Third, the Pt'Tr term of pseudo-vector coupling should be taken into account in discussing S-wave scattering above lOOMev, but the consistent elimination of the odd"part of this term by an appropriate canonical transformation is very difficult.
We expect that there may be some powerful successive transformations for this elimination. ** In addition it is highly desirable to derive a reasonable pion-pion interaction which seeems to be necessary to explain the energy dependence of aa at lower energies. Fourth, the anomalous magnetic moment of the nucleon is not likely to be explained by the Tamm-Dancoff method taking into account two-meson configuration. It is one of the most important problems to see whether Sachs' phenomenological treatment co~ld be justified or not by the current meson theory, using the Tamm-Dancoff or intermediate coupling theory. But the former method seems .to be more suitable, because the mass and charge renormalization can be performed even in the non-relativistic treatment., This problem will be discussed at another opportunity, by combining the Tamm-Dancoff and the covariant theory.
In conclusion, the authors would like to express their sincere thanks Tomonaga and H. Fukuda for valuable discussions throughout this work. (S.O.) is indebted to the Yukawa Yomiuri Fellowship for financial aid.
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One of them *) In the Hamiltonian which is obtained by the above mentioned canonical transformation U, the parity is no longer a good quantum number except Minami's ~pecial ca~. This ia.the· reason why there are in general no other real phase shifts which can exactly fit to the experimental data. But, in the practical applicaton, only the approximate phase shifts are enough to explain the experiments. It turns out that f(fJ) is to be taken equal to {}_ **) This problem is. now understudy by S_ Tani et at_
